The spontaneous and stimulated emission of a superconducting qubit in the presence of propagating microwaves originates from an effective light-matter interaction that, similarly to the case of the atomic case, can contain a diamagnetic term proportional to the square vector potential A 2 . In the present work we prove that an increase in the strength of the diamagnetic term leads to an effective decoupling of the qubit from the electromagnetic field, and that this effect is observable at any range of qubit-photon coupling. To measure this effect we propose to use a transmon suspended over a transmission line, where the relative strength of the A 2 term is controlled by the qubit-line separation. We show that the spontaneous emission rate of the suspended transmon onto the line can, at short distances, increase with such a separation, instead of decreasing.
0 87 18 . When the normalised coupling becomes of the order one, also the aforementioned non-RWA models fail. In this regime, named deep strong coupling (DSC) 19 , the localised dipolar interaction dominates and a real-space description with many excited photonic modes becomes essential.
Our understanding of such a deep non-perturbative regime is still incomplete [20] [21] [22] [23] [24] . A first, recent counter-intuitive result is that light and matter eventually decouple in the DSC regime: the spontaneous emission rate of the system dramatically decreases, instead of increasing, with the coupling strength 25 . This decoupling is associated with the diamagnetic term A 2 , that expels modes away from the emitter. Still, the decoupling has been rigorously proved only for linear systems -a perfect planar metallic cavity coupled to a 2D sheet of dipoles-, and the link of the decoupling effect with the A 2 term remains a hypothesis. Indeed, without diamagnetic term, the model in ref. 25 becomes unstable and undergoes a superradiant phase transition [26] [27] [28] , impeaching a comparison of DSC physics with and without A 2 .
In circuit QED it has been shown that a microscopic treatment of the light-matter coupling between a superconducting waveguide and a qubit gives rise to a diamagnetic term, analogous to the A 2 term of the minimal coupling Hamiltonian 29 . Still, contrary to the usual minimal coupling case, the relative strength of the dipolar and diamagnetic terms is not fixed by the Thomas-Reiche-Kuhn sum rule. Circuit QED setups thus give us the opportunity to study the intrinsic behaviour of the light-matter coupling while freely tuning the intensity of the diamagnetic term, and without risk to encounter unstable regimes 30 .
The first major result of this paper is to prove that the decoupling effect happens already at the single dipole limit, and moreover, in circuit QED systems, it can be observed at all levels of dipolar interaction strength, that is without the need to be in the USC/DSC regimes. We arrive at this result by studying the nonlinear interaction between a two-level system and a one-dimensional waveguide, modeled by the Ohmic spin boson model 31, 32 , and proving that the spontaneous emission rate of the two-level system decreases with the intensity of the A 2 term. While this model, with its continuous spectrum, is more complex that the discrete mode approach usually employed in circuit and cavity QED, it is necessary to study the decoupling effect in its generality. In fact it allows us to factor out resonance effects and study the intrinsic impact of the diamagnetic term on the light-matter coupling.
The second major result is to propose an experiment, realisable with present day technology, to measure such an intensity. Actual experiments cannot determine the weight of the dipolar and diamagnetic terms individually, because the effective light-matter interaction model remains Ohmic and described by a single parameter, the spontaneous emission rate. In order to solve this problem, we consider a superconducting circuit consisting of a transmon qubit 33, 34 suspended on top of a microwave guide [cf. Fig. 1 ]. This setup, which profits from the ever improving coherence properties 35, 36 and strong interaction 11, 37, 38 of superconducting circuits, was introduced in ref. 39 as an ultrasensitive scanning probe to locally analyze complex quantum simulators 40 . We prove that the same setup allows to control the relative strength of the diamagnetic term through the separation between the qubit and photon planes. The striking consequence of this control is that the coupling between the qubit and the line first increases and then decreases as the qubit is moved towards the line. This non-monotonic behavior is observable with existing transmon technology and does not need of USC/DSC regimes, opening the door to accurately calibrating the effective models that describe superconducting circuit quantum optics.
Results
General decoupling result. Let us start by discussing the main results in a formal spin-boson model.
Using the qubit gap ω 0 as unit of energy, the model reads
The photonic Hamiltonian,
, describes the free field in the waveguide, including the quadratic diamagnetic term weighted by the parameter Δ . The field operator = ∑ ( + ) † F f a a k k k k depends only on the normal modes of the waveguide ( ) ω ∝ f k k , and it describes the field that interacts with the qubit through the dipole d. The exact physical interpretation of such a field depends on the specific circuit we are modelling, and in particular on what dynamical variable of the field the qubit couples to. In the following we will specifically consider two types of quibits: charge and flux ones, that couple capacitively and inductively with the waveguide. When referring to a specific kind of coupling, we will use the label F (cq) for the charge qubit and F (fq) or the flux one.
The strength of the light-matter interaction in the spin-boson model is determined by the spectral function ω π δ ω ω
. When Δ = 0 we recover the usual spin-boson model, characterized by the Ohmic spectral function 31,32 J(ω; Δ = 0) = d 2 × 2παω 1 , where α contains the details of f k . In the Markovian limit, J(ω qubit ) = J(1) = 2πα gives the spontaneous emission rate of the qubit onto the transmission line, provided we are outside the localization or strongly correlated regimes, 2πα ≪ 1. When Δ ≠ 0, we can recover again the usual spin-boson model by diagonalising the photonic Hamiltonian  ∆ , and rewriting the Hamiltonian [See Sect. IV A] in terms of its Δ -dependent normal modes,
The mode frequencies and couplings 41 now depend on Δ and have to be analyzed for each physical system. Our first result is that for a superconducting qubit the new spectral function remains Ohmic, so that the qualitative dynamics of the qubit with and without the diamagnetic term is the same. The second result is that the diamagnetic term leads to a reduction of the interaction strength α(Δ ), and thus proves the generality of the decoupling effect studied in 25 . Moreover, we show how this coupling strength reduction could be potentially measured.
In Fig. 2(a) we show the outcome of our numerical simulations for a capacitive coupling, F (cq) . As shown in the plot, the model is Ohmic, but the slope is changed, decreasing with increasing Δ . This means that the parameter α measuring the coupling strength rapidly decreases with Δ . This is observed for both F (cq) and F (fq) , as shown in Fig. 2(b) . In particular, the capacitive coupling can be fit to 2πα (cq) = (1 + 6.77Δ ) −2.57 , undistinguishable from the actual plot in Fig. 2 
Decoupling of a transmon. So far we have been working with a dimensionless rewrite of the spin-boson model, where the microscopic parameters were abstracted into the dipole moment of the qubit d and the weight of the quadratic term Δ . In actual physical systems, both d and Δ depend on similar physical parameters and, even if α(Δ ) decreases, the product J(ω) ∝ d 2 α(Δ ) might not.
The interplay of both effects is now studied with a particlular physical system, a transmon that is capacitively coupled to an open transmission line, as depicted in Fig. 1 , while at a finite height z above the waveguide. The equivalent circuit to this setup, shown in Fig. 3(a) , is similar to the one for an in-plane transmon 42 . From an analysis of such effective model, we obtain expressions for the diamagnetic term and for the dipolar coupling (see Methods for a more detailed derivation) Here ω 0 is the qubit frequency, Z 0 is the line impedance, C J is the transmon's capacitance, C c is the qubit-line coupling capacitance and n is the matrix element of the number operator on the lowest transmon energy levels. From these expressions it follows that J(ω) = 2πd 2 α(Δ )ω cannot have a monotonic behavior with respect to the coupling strength: while d 2 grows as C c 2 , α decreases with C c 2 and the product of both must saturate or decrease at large couplings. To analyze this behavior we introduce the relative capacitance c = C c /C J , with which we can express the evolution of the spontaneous emission rate of the qubit onto the line as Nevertheless, even then we show evidence of non-monotonic behavior of the spontaneous emission rate as described by γ(c).
In order to experimentally probe this behavior we would need a qubit with a tunable coupling capacitance. Such a setup already exists: it consists of a mobile transmon that is suspended at a height z on top on the transmission line [cf. Fig. 1 ], as in the experiment by Shanks et al. 39 . Based on our theoretical study, the solid line in Fig. 3(b) suggests that, when the transmon is initially far away and c ≃ 0, the spontaneous emission would be small, due to an effective decoupling of both elements. However, when the transmon approaches the line, c grows as 1/z, and the spontaneous emission rate increases until it saturates and starts decreasing again due to the effective decoupling mentioned before. By probing different separations between the transmon an a transmission line, and measuring how much energy the qubit deposits onto the transmission line when spontaneously decaying, one should see a dependence similar to Fig. 3(b) , where c ∝ 1/z. This analysis does not consider the coupling to out-of-plane electromagnetic modes as the qubit rises: these decay channels add up to the total emission rate of the qubit, but do not affect the emission into the line and have a negligible contribution of A 2 terms.
Discussion
Our study has shown that the A 2 term decreases the effective light-matter coupling in a superconducting circuit. However, this decrease cannot be observed in a traditional experiment with superconducting qubits because, even with the diamagnetic term, the effective model remains Ohmic and the only measurable parameter, the interaction strength α, combines the strengths of the dipolar and diamagnetic terms in an inseparable way.
Inspired by this problem, we have suggested a setup in which not only the effective decoupling can be measured, but where the actual model for light-matter interaction in a superconducting circuit can be asserted. This setup is a transmon that is suspended on top of a transmission line. We have shown that the same effective circuit parameters that allow increasing the dipolar coupling strength, d, also cause a growth of the A 2 term. This has the consequence that the actual coupling strength will eventually saturate and decrease as a function of the transmon-line separation, allowing an independent calibration of Δ and d. Most important, this non-monotonic behavior occurs for all ranges of the interaction, not only in the USC/DSC regimes, making a transmon a suitable qubit for such experiments.
The implementation of an experiment such as the one suggested in this work would represent the first experimental evidence of the light-matter decoupling effect, as initially predicted for linear systems 25 here extended to individual few-level systems. Moreover, it would also represent the first evidence and calibration of the A 2 term in circuit quantum electrodynamics. Such measurements would be extremely relevant for studying the influence of this term in the superradiant phase transition 29 , or in the study of qubit-qubit interactions 43 , where it could lead to additional deviations from the traditional theory 44 .
Methods
Interpolation of the spectral function. We now summarize the methods that lead to the previous results. We start adding to Eq. 1 an expression for the field weights f k , based on a model for a microwave guide as a chain of coupled oscillators,
For periodic boundary conditions, the lattice is diagonalized by plane waves with quasimomenta  π = / × k 2 L , where L = Mδx is the actual resonator size and δx is the spacing of the discretisation. , and diagonalize it with a canonical transformation. The new eigenmodes and eigenfrequencies are used to reexpress the F operator and to compute the new spectral function, J(ω; Δ ). In order to do this, we first fix a length L = 10λ 0 = 20πv/ω 0 that ensures a small level spacing dω = 2πv/ Lω 0 ≪ 1. We then diagonalize the problem for increasingly finer discretizations, δx, doing a finite size scaling to obtain the pairs of frequencies and couplings, {ω n (Δ ), f n (Δ )}, in the limit δx → 0. Using these values we compute a function
n 0 2 n D(ω) is fitted and then differentiated to obtain J(ω), working carefully with the interpolation of D(ω) to eliminate finite size and discretization effects that do not contribute in the continuum limit.
To exemplify such a procedure and test its convergence, in Fig. 4 we show the results for the linear case (Δ = 0), in which we know that the bath is Ohmic and we have thus to recover a linear density. Note the convergence to a linear dispersion relation, , built from the canonical variables of the transmon: the flux φ J and the charge q J . The second line is the capacitive coupling between the qubit and the line, dσ x F, which is a function of the coupling and total capacitances, C c and C Σ = C c + C J . Finally, the third term contains the line Hamiltonian for its charge and flux distributions, q(x, t) and φ(x, t), renormalized by the quadratic term that arises from the qubit-line coupling. The capacitance and inductance per unit length determine the speed of light v = (c 0 l 0 ) −1/2 and also appear in the particular expression of the coupling operator when we take the lattice length to infinity.
